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CONTRACTIONS OF LOW-DIMENSIONAL NILPOTENT
JORDAN ALGEBRAS
J. M. ANCOCHEA BERMÚDEZ, J. FRESÁN, AND J. MARGALEF BENTABOL
Abstrat. In this paper we lassify the laws of three-dimensional and four-
dimensional nilpotent Jordan algebras over the eld of omplex numbers. We
desribe the irreduible omponents of their algebrai varieties and extend
ontrations and deformations among their isomorphism lasses. In partiular,
we prove that J 2 and J 3 are irreduible and that J 4 is the union of the Zariski
losures of the orbits of two rigid Jordan algebras.
1. Preliminaries
Jordan algebras were introdued in 1934 in order to nd a new mathematial set-
ting for quantum mehanis. Sine this foundational period, a omplete struture
theory has been developed from several points of view [6℄. However, apart from the
Jordan-von Neumann-Wigner theorem on formally real algebras [8℄ and Zel'manov's
results on prime and simple Jordan algebras [10℄, the lassiation problem in a
xed dimension has been hardly studied and few expliit examples of Jordan alge-
bras are known. In this paper we takle the algebrai and geometri desription
of the varieties of three-dimensional and four-dimensional nilpotent Jordan alge-
bras over the eld of omplex numbers. The struture of the work is as follows:
we rst dene the notion of harateristi sequene and study its behaviour under
ontrations and deformations. In the next setions, three-dimensional and four-
dimensional nilpotent Jordan algebras are lassied aording to the possible values
of the harateristi sequene and some other invariants. We obtain diagrams sum-
marizing the isomorphism lasses, the ontrations and deformations among them,
the rigid Jordan algebras and the irreduible omponents of the varieties.
Denition 1.1. A omplex Jordan algebra J = (V, ϕ) onsists of a omplex vetor
spae V equipped with a symmetri bilinear mapping ϕ : V × V −→ V suh that:
(1.1) ϕ(ϕ(x, x), ϕ(x, y)) = ϕ(x, ϕ(ϕ(x, x), y)) x, y ∈ V.
Let J = (V, ϕ) be a Jordan algebra. For any integer m ∈ N we dene a lower
entral series as the desending hain of subalgebras
C1(J) = J ⊃ C2(J) = ϕ(J, J) ⊃ . . . Cm+1(J) = ϕ(Cm(J), J)
Denition 1.2. A Jordan algebra J = (V, ϕ) is said to be nilpotent if there exists
an integer k ∈ N suh that Ck(J) = {0}. The minimum k for whih this ondition
holds is the nilindex of ϕ.
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We reall that nilpotent Jordan algebras have non-trivial enter, that is:
Z(ϕ) = {x ∈ V : ϕ(x, y) = 0 ∀y ∈ V } 6= {0}
Let {e1, . . . , en} be a basis for Cn. It is possible to identify Jordan algebras with
its struture onstants over this basis, that is, to onsider them in bijetion with the
set of symmetri tensors (akij) whose oordinates satisfy the system of homogeneous
polynomial onstraints
(1.2) ahiia
l
kja
r
lk − ahiialjkarlh − 2ahijalikarhl + 2arilalhjahik = 0, 1 ≤ h, i, j, k, l, r ≤ n.
Nilpoteny onditions are also of polynomial type and thus the set of nilpotent
Jordan algebras in dimension n, whih will be denoted by J n, possess a struture
of algebrai variety embedded in Cn
3
.
Let J = (Cn, ϕ) be a nilpotent Jordan algebra. For any x ∈ Cn, there is a
natural way to dene an endomorphism Lx analogue to the adjoint representation:
Lx(y) = ϕ(x, y) ∀y ∈ Cn
It is straightforward to prove that Lx is nilpotent. In [2℄, the onept of ha-
rateristi sequene of a Lie algebra was introdued. This notion is formally still
valid for Jordan algebras. If x is a non-zero vetor not belonging to C2(J), then
let sϕ(x) = (s1(x), . . . , sk(x)) be the ordered desending sequene of dimensions
of the Jordan bloks of Lx. If we denote by s(ϕ) the least upper bound for the
lexiographi order of the set {sϕ(x) : x ∈ J −C2(J)}, then s(ϕ) is an invariant of
the isomorphism lass of J alled harateristi sequene. A vetor x ∈ J − C2(J)
is said to be a harateristi vetor if sϕ(x) = s(ϕ).
1.1. Rigid Jordan algebras. If ϕ0 is a nilpotent Jordan algebra, let O(ϕ0) be its
orbit under the ation of the general linear group GL(n,C) :
GL(n,C)× J n −→ J n
(f, ϕ0) 7−→ f−1(ϕ0(f(x), f(y)))
Let C be an irreduible omponent of J n whih ontains ϕ0. Then O(µ0) ⊆ C.
If we endow the variety with the Zariski topology, then C is losed, so the losure
for this topology O(µ0)Z is also ontained in C.
Denition 1.3. A Jordan algebra ϕ is said to be rigid if O(ϕ) is Zariski open. In
the same way, a family {ϕα} is rigid if the union of the orbits is Zariski open.
Let ϕ be a Jordan algebra and f an automorphism, the image of the oboundaries
δϕf(x, y) = ϕ(f(x), y) + ϕ(x, f(y)) − f(ϕ(x, y))
denes a struture of tangent spae to the orbit of the algebra:
TϕO(ϕ) = {δϕf f ∈ GL(n,C)}
This way, it is possible to assign O(ϕ) the vetorial dimension of its tangent spae.
Example 1.4. Let {e1, e2, e3} be a basis for C3. We ompute dimO(ϕ) for the
Jordan algebra dened by the produts ϕ(e1, e1) = e2, ϕ(e1, e2) = e3. Taking
f =


a1 b1 c1
a2 b2 c2
a3 b3 c3

 ∈ GL(3,C)
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a generi automorphism we obtain the oboundaries:
δϕf(e1, e1) = −b1e1 + (2a1 − b2)e2 + (2a2 − b3)e3
δϕf(e1, e2) = −c1e1 + (b1 − c2)e2 + (a1 + b2 − c3)e3
δϕf(e1, e3) = c1e2 + c2e3 δϕf(e2, e2) = 2b1e3 δϕf(e2, e3) = c1e3,
whih depend on seven parameters. Thus, dimO(ϕ) = 7.
Proposition 1.5. [1℄, [9℄. Let J = (Cn, ϕ) be a nilpotent Jordan algebra and
Der(ϕ) its algebra of derivations. Then:
dimO(ϕ) = n2 − dimDer(ϕ)
The geometri meaning of rigidity may be desribed by introduing a notion of
limit in the variety J n. Let ϕ0 be a nilpotent Jordan algebra and let ft ∈ GL(n,C)
be a family of automorphisms depending on a ontinuous parameter t. If the limit
(1.3) ϕ(x, y) = lim
t→0
f−1t (ϕ0(ft(x), ft(y)))
exists for all x, y ∈ Cn, then ϕ is the ontration of ϕ0 by {ft}. It is worthwhile
to mention that properties dened by polynomial identities, suh as nilpoteny,
assoiativity or ommutativity, are all preserved by ontration.
Example 1.6. Let {e1, e2, e3} be a basis for C3, and ϕ0 the Jordan algebra dened
by ϕ0(e1, e1) = e2 and ϕ0(e1, e2) = e3. If we onsider the automorphism
ft(e1) = te1 ft(e2) = t
2e2 ft(e3) = e3,
the only non-zero produts in the transformed basis xi = ft(ei), i = 1, 2, 3, are
ϕ0(x1, x1) = x2, ϕ0(x1, x2) = t
3x3.
It is immediate that (1.3) holds for e1, e2, e3. In the limit, an algebra isomorphi to
ϕ(x1, x1) = x2 is obtained, so ϕ is a ontration of ϕ0.
Using the ation of the general linear group over the variety, it is easy to prove
that a ontration of ϕ0 orresponds to a losure point of the orbit O(ϕ0), so
every irreduible omponent ontaining ϕ0 ontains also all the ontrations of ϕ0.
The hange of basis xi = tei, i = 1 . . . n, indues a ontration of every nilpotent
Jordan algebra over the Abelian algebra. Moreover, for every nontrivial ontration
ϕ0 −→ ϕ, the following inequalities hold
(1.4) s(ϕ) ≤ s(ϕ0), dimO(ϕ) < dimO(ϕ0), dimZ(ϕ) ≥ dimZ(ϕ0).
It follows that rigid algebras annot be obtained as a ontration of other non-
isomorphi laws in J n [7℄. Indeed, the Zariski losure of the orbit of a rigid Jordan
algebra is an irreduible omponent of the variety.
Proposition 1.7. Let J n be the variety of nilpotent Jordan algebras. The relation
ϕ0 −→ ϕ is an order relation in J n.
Another possible approah to the geometri interpretation of rigidity, in some
way dual to ontrations, may be developed in the frame of deformation theory for
algebrai strutures.
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Denition 1.8. Let ϕ0 be a nilpotent Jordan algebra. A deformation of ϕ is an
uniparametri formal series
ϕt = ϕ0 +
∞∑
i=1
tiϕi
where ϕi : V × V −→ V are symmetri bilinear mappings verifying the equations
of J n, that is, Jordan identity and nilpoteny onditions.
Given two deformations ϕ1t and ϕ
2
t of the Jordan algebra ϕ0, an equivalene
relation between ϕ1t and ϕ
2
t may be dened by the existene of a linear isomorphism
Ft = Id+
∞∑
i=1
tigi, gi ∈ GL(n,C)
suh that ϕ2t (x, y) = F
−1
t (ϕ
1
t (Ft(x), Ft(y))) for all x, y ∈ V.
A deformation ϕt of ϕ0 is said to be trivial if it is equivalent to ϕ0. If ϕ0 is
deformed non-trivially over ϕ, then
(1.5) s(ϕ) ≥ s(ϕ0), dimO(ϕ) > dimO(ϕ0), dimZ(ϕ) ≤ dimZ(ϕ0).
It follows that ϕ0 is rigid if and only if any deformation ϕt is trivial [3℄.
2. The variety J 3
In dimension two, the only non-Abelian nilpotent Jordan algebra is given by the
produt ϕ(e1, e1) = e2. Thus, the variety J 2 is irreduible [1℄. In this paragraph
we determine the isomorphism lasses of J 3, desribe the irreduible omponents
and extend ontrations among their isomorphism lasses.
Theorem 2.1 (Classiation of three-dimensional nilpotent Jordan algebras). Let
ϕ be a three-dimensional nilpotent omplex Jordan algebra. If ϕ is not Abelian,
then ϕ is isomorphi to one of the following pairwise non-isomorphi algebras:
Table 1.
Isomorphism lass s(ϕ) dimO(ϕ) dimZ(ϕ)
ϕ1(e1, e1) = e2 ϕ1(e1, e2) = e3 (3) 7 1
ϕ2(e1, e1) = e2 ϕ2(e3, e3) = e2 (2, 1) 6 1
ϕ3(e1, e1) = e2 (2, 1) 4 2
Proof. Let J = (C3, ϕ) be a nilpotent Jordan algebra. Sine ϕ is non-Abelian, the
possible values of the harateristi sequene are (3) and (2, 1). If s(ϕ) = (3), there
exists a harateristi vetor e1 and a basis {e1, e2, e3} for C3 suh that
ϕ(e1, e1) = e2, ϕ(e1, e2) = e3.
When applied to x = y = e1, Jordan identity shows that ϕ(e2, e2) = 0 and, being
Z(ϕ) non-trivial, the operator Le3 must be identially null. Thus, there is only one
nilpotent Jordan algebra dened by
ϕ1(e1, e1) = e2, ϕ1(e1, e2) = e3.
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If s(ϕ) = (2, 1), there exists a harateristi vetor e1 suh that ϕ(e1, e1) is
non-zero. By ontradition, assume that ϕ(x, x) = 0 holds for every harateristi
vetor. Then, we an nd a basis {e1, e2, e3} suh that the only non-zero produt
is ϕ(e1, e2) = e3. However, if we onsider
(2.1) x1 =
1√
2
(e1 + e2), x2 = e3, x3 = − 1√
2
i(e1 − e2),
then sϕ(x1) = s(ϕ) and ϕ(x1, x1) = x2. Thus, there exists a basis {e1, e2, e3} for
C3 suh that ϕ(e1, e1) = e2. Jordan identity evaluated in x = y = e1 shows that
ϕ(e2, e2) = 0 and nilpoteny implies ϕ(e2, e3) = 0 and ϕ(e3, e3) = ae2 for some
a ∈ C. We laim that the nullity or not of this parameter denes the isomorphism
lass, sine the dimension of the enter depends on it. If a 6= 0, the hange of basis
x1 = e1, x2 = e2 and x3 =
1√
a
e3 yields to
ϕ2(e1, e1) = e2, ϕ2(e3, e3) = e2.
Otherwise, ϕ is isomorphi to the Jordan algebra dened by
ϕ3(e1, e1) = e2. 
The lassiation given above may be easily adapted to the variety of three-
dimensional nilpotent Jordan algebras over the eld of real numbers. We note that
the ondition ϕ(x, x) = 0 for every harateristi vetor holds for ϕ4(e1, e2) = e3,
sine the hange of basis (2.1) is not possible anymore. Indeed, when the parameter
a ∈ R of the proof is negative, another isomorphism lass is obtained:
ϕ5(e1, e1) = e2, ϕ5(e3, e3) = −e2,
These algebras are non-isomorphi to any of the former ones. In partiular, ϕ4 is
not assoiative and dimO(ϕ4) = 5, dimO(ϕ5) = 6.
2.1. Irreduible omponents.
Theorem 2.2. The variety J 3 is irreduible.
Proof. Sine ϕ1 is the only Jordan algebra with maximal harateristi sequene,
ϕ1 is rigid and the Zariski losure of its orbit forms an irreduible omponent of
the variety. It sues to prove that ϕ2 and ϕ3 belong to O(ϕ1)Z . It has already
been shown (example 1.6) that ϕ3 is a ontration of ϕ1. Moreover, if we onsider
the linear transformations
ft(e1) = te1, ft(e2) = e2, ft(e3) = te3.
the algebra ϕ(x1, x2) = x3 is obtained in the limit. Sine ϕ and ϕ2 are isomorphi,
ϕ2 is a ontration of ϕ1. 
Remark 2.3. The variety J 3 is still irreduible when onsidered over the reals,
beause the families of automorphisms
ft(e1) = te1 ft(e2) = te2 ft(e3) = t
2e3
gt(e1) = te3 gt(e2) = −t2e2 gt(e3) = te1
indue ontrations of ϕ1 over the real Jordan algebras ϕ4 and ϕ5 respetively.
In order to study the relation between J 3 andA3, the variety of three-dimensional
nilpotent assoiative algebras, we state the struture theorem [4℄ hoosing onve-
nient representatives of eah isomorphism lass:
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Theorem 2.4. Let (C3, β) be a nilpotent assoiative algebra. If β is non-Abelian,
then β is isomorphi to one of the following assoiative algebras.
(1) β1(e1, e1) = e2 β1(e1, e2) = e3 β1(e2, e1) = e3
(2) βµ2 (e1, e1) = e2 β
µ
2 (e1, e3) = e2 β
µ
2 (e3, e3) = µe2 µ ∈ C
(3) β3(e1, e1) = e2 β3(e3, e3) = e2
(4) β4(e1, e2) = −e3 β4(e2, e1) = e3
(5) β5(e1, e1) = e2
Indeed, the algebra β1 and the family {βµ2 }µ6=0 are rigid.
It follows from the theorem that J 3 ⊂ A3. The onverse is false, but if we
onsider the lassial orrespondene between assoiative and Jordan algebras
(2.2) ϕ(x, y) =
1
2
[β(x, y) + β(y, x)]
the image of A3 oinides with J 3. In eet, β4 is a Lie algebra, so it yields to
ϕ ≡ 0 and if β belongs to {βµ2 }, then
ϕ(e1, e1) = e2 ϕ(e1, e3) =
1
2
e2 ϕ(e3, e3) = µe2,
whih is isomorphi to ϕ2. Here we have an example of a rigid family of assoiative
algebras whose Jordan produt is not rigid, so (2.2) does not preserve rigidity.
3. The variety J 4
In this paragraph, we determine the struture of four-dimensional nilpotent Jor-
dan algebras in funtion of the possible values of the harateristi sequene.
3.1. Charateristi sequene s(ϕ) = (4). If s(ϕ) = (4), there exists a basis
{e1, e2, e3, e4} for C4 suh that the enter of the algebra is spanned by {e4} and the
following relations hold:
ϕ(e1, e1) = e2, ϕ(e1, e2) = e3, ϕ(e1, e3) = e4.
It follows from Jordan identity that ϕ(e2, e2) = e4 and ϕ(e2, e3) = 0. Assume
ϕ(e3, e3) = ae2 + be3 + ce4. Nilpoteny implies the nullity of b and Jordan identity
applied to x = e3, y = e1 yields to a = 0. In fat, c must be zero beause, otherwise,
if we set x = e1 + e3, the onstraints for the struture onstants of ϕ(x, x) would
not be satised. Thus, ϕ is isomorphi to the Jordan algebra dened by the law
(3.1) ϕ1(ei, ej) = ei+j 2 ≤ i+ j ≤ 4.
This way, there is only an isomoprhism lass when the harateristi sequene is
maximal. In arbitrary dimension, this algebra omes to be a rigid intersetion point
of the varieties of assoiative and Jordan algebras.
3.2. Charateristi sequene s(ϕ) = (3, 1).
Lemma 3.1. Let (C4, ϕ) be a four-dimensional omplex nilpotent Jordan algebra.
If s(ϕ) = (3, 1), there exists a basis {e1, e2, e3, e4} suh that
ϕ(e1, e1) = e2, ϕ(e1, e2) = e3, ϕ(e1, e3) = ϕ(e1, e4) = 0,
ϕ(e2, e2) = ϕ(e2, e3) = 0, ϕ(e2, e4) = ae3, ϕ(e3, e3) = be3 + ce4,
ϕ(e3, e4) = de2 + fe3 + ge4, ϕ(e4, e4) = he2 + ie3 + je4,
for some omplex parameters a, b, c, d, e, f, g, h, i, j.
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Proof. We rst prove that when the harateristi sequene takes the value (3, 1),
there exist a basis {e1, e2, e3, e4} for C4 suh that
(3.2) ϕ(e1, e1) = e2, ϕ(e1, e2) = e3, ϕ(e1, e3) = ϕ(e1, e4) = 0.
In eet, in this ase there is a harateristi vetor x1 suh that dim ImRx1 = 2
and dim(ImRx1)
2 = 1. If ϕ(x1, x1) ∈ C2(J)− C3(J), then we take
e1 = x1, e2 = ϕ(e1, e1), e3 = ϕ(e1, e2),
and omplete the basis with some e4 ∈ ker(ImRx1) linearly independent with e3.
Otherwise, ϕ(x1, x1) ∈ C3(J) and there exists x2 /∈ C2(J) suh that ϕ(x1, x2) = x3
and ϕ(x1, x3) = x4. Thus C2(J) is spanned by {x3, x4} and C3(J) by {x4}. Then
ϕ(x1, x1) = ax4 for some a ∈ C and we may hoose α ∈ C suh that the vetors
e1 = x1 + αx2 e2 = ϕ(e1, e1) e3 = ϕ(e1, e2)
are linearly independent. To omplete the basis, just take e4 ∈ ker(ImRx1) linearly
independent with e3. Proven the existene of suh a basis, the rest of the lemma
follows from nilpoteny and Jordan identity. 
Sine e1 and e2 are not in the enter of the algebra, Z(ϕ) is one or two-
dimensional. It is easy to hek that if dimZ(ϕ) = 1 then the enter is spanned
by {e3}. By ontradition, assume Z(ϕ) spanned by {e4}. It follows that all the
parameters of the lemma are zero, exept for c. But then, onsidering the basis
{x1 = e1 + e2, x2 = e2 + ce4, x3 = e3, x4 = ce4} we have
ϕ(x1, xi) = xi+1 i = 1, 2, 3
so sϕ(x1) = (4) and s(ϕ) would be maximal. Thus, Z(ϕ) is spanned by {e3} or by
{e3, e4}. In the rst ase, the only a priori non-zero produts are
ϕ(e1, e1) = e2 ϕ(e1, e2) = e3 ϕ(e2, e4) = γe3 ϕ(e4, e4) = αe2 + βe3
where the parameter j ∈ C has been eliminated beause of nilpoteny. Considering
the quotient ϕ/Z(ϕ) it is straightforward to prove that the nullity of α is invariant
under isomorphism. First assume α 6= 0.
• If α+ γ2 6= 0, then two hanges of basis yield to
ϕ2(e1, e1) = e2, ϕ2(e1, e2) = e3, ϕ2(e4, e4) = e2.
• Otherwise, we an redue the Jordan algebra to the form
ϕ(x1,x1) = x2, ϕ(x1, x2) = x3, ϕ(x2, x4) = x3,
ϕ(x4, x4) = −x2 + β 1− c
γ3(1 + c)2
x3,
for some c ∈ C. If β 6= 0, with a onvenient hoie of the parameter
ϕ3(e1, e1) = e2, ϕ3(e1, e2) = e3, ϕ3(e2, e4) = e3, ϕ(e4, e4) = −e2 − e3.
However, if β is zero, then ϕ is isomorphi to the law
ϕ4(e1, e1) = e2, ϕ4(e1, e2) = e3, ϕ4(e2, e4) = e3, ϕ4(e4, e4) = −e2.
Now assume α = 0.
• If γ 6= 0, then two hanges of basis yield to
ϕ5(e1, e1) = e2, ϕ5(e1, e2) = e3, ϕ5(e2, e4) = e3.
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• If γ = 0, then β must be non-zero beause, otherwise, e4 ∈ Z(ϕ). In this
ase, the hange of basis x4 =
1√
β
e4 indues an isomorphism with
ϕ6(e1, e1) = e2, ϕ6(e1, e2) = e3, ϕ6(e4, e4) = e3.
In the seond ase, that is, when dimZ(ϕ) = 2, there are no free parameters in
the lemma, so ϕ is isomorphi to the Jordan algebra dened by the law
ϕ7(e1, e1) = e2, ϕ7(e1, e2) = e3.
3.3. Charateristi sequene s(ϕ) = (2, 2).
Lemma 3.2. Let (C4, ϕ) be a four-dimensional omplex nilpotent Jordan algebra.
If s(ϕ) = (2, 2), then dimZ(ϕ) = 2.
Proof. If s(ϕ) = (2, 2), there exists a basis {e1, e2, e3, e4} suh that
ϕ(e1, e1) = e2, ϕ(e1, e3) = e4, ϕ(e1, e2) = ϕ(e1, e4) = 0
Thus, Z(ϕ) is one or two-dimensional. Assume that the enter is spanned by {e4}.
Nilpoteny and Jordan identity show that
ϕ(e2, e3) = ae4, ϕ(e3, e3) = be2 + ce4,
where a is neessarily non-zero. But then, sϕ(x) = (3, 1) holds for x =
√
1− be1+e3.
An analogous reasoning proves that Z(ϕ) annot be spanned by {e2}. 
Aording to the lemma, e2, e4 ∈ Z(ϕ), so the only unknown parameters are
b and c. It is not diult to prove that the nullity of the quantity δ = b + c
2
4
is
invariant under isomorphism. If δ is non-zero, a suitable hange of basis yield to
ϕ8(e1, e1) = e2, ϕ8(e3, e3) = e4.
Otherwise we obtain the Jordan algebra
ϕ9(e1, e1) = e2, ϕ9(e1, e3) = e4.
3.4. Charateristi sequene s(ϕ) = (2, 1, 1).
Lemma 3.3. Let (C4, ϕ) be a four-dimensional omplex nilpotent Jordan algebra
with harateristi sequene s(ϕ) = (2, 1, 1). Then the isomorphism lass of ϕ is
determined by the dimension of the enter. More preisely:
dimZ(ϕ) = 1 ϕ10(e1, e1) = e2, ϕ10(e3, e4) = e2.
dimZ(ϕ) = 2 ϕ11(e1, e1) = e2, ϕ11(e3, e3) = e2.
dimZ(ϕ) = 3 ϕ12(e1, e1) = e2.
Proof. If s(ϕ) = (2, 1, 1) there exists a basis {e1, e2, e3, e4} for C4 suh that
ϕ(e1, e1) = e2, ϕ(e1, ei) = 0, i = 2, 3, 4.
If the enter is one-dimensional, an analogous argument to the one exposed in
the proof of lemma 3.2 shows that Z(ϕ) must be spanned by {e2}. Nilpoteny and
Jordan identity yield to
ϕ(e3, e3) = ae2, ϕ(e3, e4) = be3, ϕ(e4, e4) = ce2.
Independently from the nullity of the parameters, there is a hange of basis whih
indues an isomorphism with
ϕ10(e1, e1) = e2, ϕ10(e3, e4) = e2.
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If dimZ(ϕ) = 2, the enter is spanned by {e2, e4} and the only produt to be
determined is ϕ(e3, e3) = ae2 + be4. In fat, b = 0, beause otherwise we hoose
α ∈ C suh that sϕ(αe1 + e3) = (2, 2). Thus, ϕ is isomorphi to
ϕ11(e1, e1) = e2, ϕ11(e3, e3) = e2.
When dimZ(ϕ) = 3, it is obvious that ϕ is isomorphi to ϕ12(e1, e1) = e2. 
Theorem 3.4 (Classiation of four-dimensional nilpotent Jordan algebras). Let
ϕ be a four-dimensional nilpotent omplex Jordan algebra. If ϕ is not Abelian, then
ϕ is isomorphi to one of the following pairwise non-isomorphi algebras:
Table 2.
Isomorphism lass s(ϕ) O(ϕ) Z(ϕ)
ϕ1(e1, e1) = e2 ϕ1(e1, e2) = e3 ϕ1(e1, e3) = e4
ϕ1(e2, e2) = e4 (4) 12 1
ϕ2(e1, e1) = e2 ϕ2(e1, e2) = e3 ϕ2(e4, e4) = e2 (3, 1) 13 1
ϕ3(e1, e1) = e2 ϕ3(e1, e2) = e3 ϕ3(e2, e4) = e3
ϕ3(e4, e4) = −e2 − e3 (3, 1) 12 1
ϕ4(e1, e1) = e2 ϕ4(e1, e2) = e3 ϕ4(e2, e4) = e3
ϕ4(e4, e4) = −e2 (3, 1) 11 1
ϕ5(e1, e1) = e2 ϕ5(e1, e2) = e3 ϕ5(e2, e4) = e3 (3, 1) 12 1
ϕ6(e1, e1) = e2 ϕ6(e1, e2) = e3 ϕ6(e4, e4) = e3 (3, 1) 11 1
ϕ7(e1, e1) = e2 ϕ7(e1, e2) = e3 (3, 1) 10 2
ϕ8(e1, e1) = e2 ϕ8(e3, e3) = e4 (2, 2) 10 2
ϕ9(e1, e1) = e2 ϕ9(e1, e3) = e4 (2, 2) 9 2
ϕ10(e1, e1) = e2 ϕ10(e3, e4) = e2 (2, 1, 1) 9 1
ϕ11(e1, e1) = e2 ϕ11(e3, e3) = e2 (2, 1, 1) 8 2
ϕ12(e1, e1) = e2 (2, 1, 1) 6 3
Remark 3.5. With the notation of the theorem, the assoiative algebras in the
variety of J 4 are ϕ1 and ϕi for i ≥ 6.
3.5. Irreduible omponents.
Theorem 3.6. The variety J 4 is the union of two irreduible omponents
J 4 = O(ϕ1)
Z ∪O(ϕ2)
Z
.
Proof. From the inequalities (1.5), it is straightforward to prove the rigidity of
the Jordan algebras ϕ1 and ϕ2. In eet, ϕ1 is the only algebra with maximal
harateristi sequene, so every deformation must be equivalent to ϕ1. In the
same way, the rigidity of ϕ2 follows from the fat that dimO(ϕ2) takes the biggest
value of the table. Thus, O(ϕ1)Z and O(ϕ2)Z are irreduible omponents of J 4.
We laim that ϕ7, ϕ9, ϕ10, ϕ11, ϕ12 belong to the Zariski losure of O(ϕ1). Sine
ϕ1 is assoiative, so are all the losure points of O(ϕ1). Thus, ϕ2, ϕ3, ϕ4 and ϕ5 are
not ontrations of ϕ1. The study for nilpotent assoiative algebras aomplished in
referene [4℄ shows that ϕ8 annot be deformed over algebras of larger nilindex, so
ϕ8 is not a ontration of ϕ1. Neither is ϕ6, beause of the transitivity established
by proposition 1.7. In eet, ϕ6 −→ ϕ8 by the automorphisms
ft(e1) = te1 ft(e2) = t
2e2 ft(e3) = e4 ft(e4) = e3.
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so if ϕ6 were a ontration of ϕ1, so would be ϕ8. The remaining ontrations are
given by the following families of linear transformations or by omposition of them:
ϕ1 −→ ϕ7 : ft(e1) = te1, ft(e2) = t2e2, ft(e3) = t3e3, ft(e4) = e4.
ϕ1 −→ ϕ9 : ft(e1) = te1, ft(e2) = t2e2, ft(e3) = te3, ft(e4) = t2e4.
ϕ1 −→ ϕ10 : ft(e1) = te2, ft(e2) = t2e4, ft(e3) = te1, ft(e4) = te3.
ϕ9 −→ ϕ11 : ft(e1) = e1 + e3, ft(e2) = e2 + 2e4, ft(e3) = te1 + te3,
ft(e4) = t
2e2 + 2t
2e4.
ϕ10 −→ ϕ11 : ft(e1) = e1, ft(e2) = e2, ft(e3) = e3, ft(e4) = te4.
ϕ11 −→ ϕ12 : ft(e1) = e1, ft(e2) = e2, ft(e3) = te3, ft(e4) = e4.
Now let us show that ϕ3, ϕ4, ϕ5, ϕ6, ϕ8 are ontrations of ϕ2. We rst note that
we have the linear deformations
ϕ3 + tµ1, ϕ4 + tµ2, ϕ6 + tµ1, ϕ4 + tµ2
where µ1 and µ2 are symmetri bilinear mappings with non-zero produts µ1(e2, e4) =
e3 and µ2(e4, e4) = e3 respetively. This way, ϕ2 is a deformation of ϕ3, ϕ4 may
be deformed over ϕ3 and ϕ5 is a deformation of both ϕ4 and ϕ6. It follows that
ϕ3, ϕ4, ϕ5, ϕ6 are losure points of O(ϕ2).
The remaining ontrations in the variety J 4 are given by the following families
of automorphisms or by omposition of them:
ϕ2 −→ ϕ5 : ft(e1) = te1 + e4, ft(e2) = (t2 + 1)e2, ft(e3) = t(t2 + 1)e3,
ft(e4) = te1 + te4.
ϕ3 −→ ϕ6 : ft(e1) = te1, ft(e2) = t2e2, ft(e3) = t3e3, ft(e4) = it 33 e4.
ϕ4 −→ ϕ7 : ft(e1) = e1, ft(e2) = e2, ft(e3) = e3, ft(e4) = te4.
ϕ4 −→ ϕ8 : ft(e1) = te1 + te2, ft(e2) = t2e3, ft(e3) = it 32 e4, ft(e4) = t3e4.
ϕ4 −→ ϕ10 : ft(e1) = te1, ft(e2) = t2e2, ft(e3) = t2e1 + e3, ft(e4) = ite4.
ϕ6 −→ ϕ7 : ft(e1) = e1, ft(e2) = e2, ft(e3) = e3, ft(e4) = te4.
ϕ6 −→ ϕ8 : ft(e1) = te1, ft(e2) = t2e2, ft(e3) = e4, ft(e4) = e3.
ϕ6 −→ ϕ10 : ft(e1) = te4, ft(e2) = t2e3, ft(e3) = t2e1, ft(e4) = e2.
ϕ7 −→ ϕ9 : ft(e1) = te1, ft(e2) = t2e2, ft(e3) = t2e1 + e2 + e4, ft(e4) = te3.
ϕ8 −→ ϕ9 : ft(e1) = e1 + te3, ft(e2) = e2 + t2e4, ft(e3) = t2e3, ft(e4) = t3e4.
This ompletes the geometri desription of the variety. 
Corollary 3.7. All ontrations in the variety of four-dimensional nilpotent Jordan
algebras are represented by the arrows in the following diagram, where ϕ13 stands
for the Abelian algebra, or by omposition of them.
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Figure 1. Contrations in J 4.
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